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Operational symmetries of entangled states
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Quantum entanglement obscures the notion of local operations; there exist quantum states for
which all local actions on one subsystem can be equivalently realized by actions on another. We
characterize the states for which this fundamental property of entanglement does and does not hold,
including multipartite and mixed states. Our results lead to a method for quantifying entanglement
based on operational symmetries and has connections to quantum steering, envariance, the Reeh-
Schlieder theorem, and classical entanglement.
Entanglement – touted by Schrödinger as the defining
feature of quantum theory [1] – is often phrased as the
inability to describe certain states of multiple particles by
local specifications of each one. But the significance of en-
tanglement and Einstein, Podolsky, and Rosen’s (EPR’s)
unease with it [2] is perhaps elucidated in its more col-
loquial articulation, phrased positively: the ability of a
local action here to immediately reflect in a local action
there, no matter the distance between the two. Investi-
gations of entanglement have since grown from its role
as a mere curiosity [3–6] to a resource [7–10], expand-
ing our understanding of its fundamental physical and
metaphysical implications.
Following EPR’s paradox of local measurements
causing instantaneous collapses of distant states [2],
Schrödinger quickly realized that a local experimenter
can use certain entangled states to “steer” the measure-
ment results of a distant local experimenter [1]. An en-
tangled state can be steered if a local experimenter can-
not explain their measurement results even by assuming
an unknown local state [11]. These steerable states form
a subset of those that cannot be described by any addi-
tional local variables [12], where the latter violate Bell
inequalities [13]. All of these constructions need only a
single set of measurements to show their deviation from
classical predictions. In this work we investigate systems
for which any local operation can be detected by a sep-
arate experimenter. Our goal is to derive insight into
the remarkable ramifications of quantum entanglement
by formalizing the replicability of local actions among
the subsystems of a composite state.
Symmetries between local operations play an impor-
tant role in applications such as environment-induced in-
variance, or envariance [5], where they can be used to
derive Born’s Rule from the no-collapse assumption of
quantum mechanics [14, 15]. States are envariant under
specific local unitaries on a given system if they can be
undone by local unitaries on the environment; here, we
find states that are envariant under all local operations.
These states are intriguing because any local operation
on them can be remotely negated, so that any observer
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must be completely ignorant of the local state.
Reproducibility of local operations on different sub-
systems is also a generic characteristic of quantum field
theories (QFT) that is less well-known in the quantum in-
formation community. Working in the vacuum state on
Minkowski spacetime, the Reeh-Schlieder theorem [16]
entails that any operator supported in a local region can
be reproduced by another operator in a different local
region, potentially at spacelike separations. This result
implies that the vacuum is entangled between any set of
local regions, and has implications for the localizability
of quantum fields [17, 18]. Our motivation is also to un-
derstand whether or not states in quantum mechanical
systems obey an analogue of this cornerstone result.
Our investigation begins with the following question:
What is the set of states |ψ〉 on a bipartite Hilbert space
HA⊗HB for which a linear operator U⊗1 acting only on
subsystem A can be reproduced by an operation 1 ⊗ V
acting only on subsystem B? An example of such a state
is the Bell state of two qubits, |Φ0〉 ≡ 1√
2
|00〉+ |11〉, for
which U ⊗ 1 |Φ0〉 = 1⊗ UT |Φ0〉 for any U . We call this
type of relationship an operational symmetry.
Consider the case where A and B are each represented
by a d-dimensional qudit. We can express any pure 2-
qudit state |ψ〉 in the Schmidt basis as
|ψ〉 =
d∑
i=1
σi |i〉A |i〉B , σi ≥ σi+1 ≥ 0,
∑
i
σ2i = 1 . (1)
The actions of general operators UA = U ⊗ 1 on A and
V B = 1⊗ V on B can be written in this basis as
UA |ψ〉 =
d∑
i,k=1
σiUki |k〉A |i〉B ,
V B |ψ〉 =
d∑
i,k=1
σiVki |i〉A |k〉B .
(2)
These actions are equivalent if and only if
UΣ = ΣV T , (3)
where Σ is the diagonal matrix of Schmidt coefficients.
Hence, the condition on |ψ〉 for a related operation VB
to exist for a given UA is simple: the Schmidt matrix, Σ,
must be invertible. In turn, this is equivalent to all of the
2Schmidt coefficients being nonzero, or the Schmidt rank
being maximal, in which case we say the state is fully
entangled [19].
Restricting U to be unitary, we can determine the class
of states |ψ〉 that have related operations V that are also
unitary. It is necessary and sufficient for |ψ〉 to be max-
imally entangled; i.e., all of the Schmidt coefficients σi
must be equal [20, 21]. For maximally entangled |ψ〉,
Σ ∝ 1, so V = UT shares the unitarity of U . Unitar-
ity for V , on the other hand, requires V †V = 1 for all
V = ΣUTΣ−1. This implies
[
U,Σ2
]
= 0 for all unitary
matrices U , which then implies Σ ∝ 1, by Schur’s first
lemma [22]. Given some state, the unitarity of V for
an entire set of generators of an irreducible representa-
tion of the unitary group, such as the generalized Pauli
matrices, is a necessary and sufficient condition for the
state to be maximally entangled. This is in line with the
results of Ref. [23] regarding projective operations and
entanglement manipulations of entangled states.
As a corollary, we immediately see the relationship be-
tween a state’s entanglement and its symmetries under
general local quantum operations. Fully entangled bipar-
tite pure states ρ = |ψ〉 〈ψ| satisfy
ρ→
∑
l
(Kl ⊗ 1) ρ (Kl ⊗ 1)† =
∑
l
(1⊗ Jl) ρ (1⊗ Jl)† ,
(4)
for the related transformations Jl = ΣK
T
l Σ
−1. The re-
lated map again exists for all quantum operations if and
only if the state is fully entangled. Furthermore, when
the map on A is completely-positive and trace-preserving
(CPTP), then the related map on B is completely pos-
itive (see Appendix A). Conditions for the trace preser-
vation of the related map are more nuanced, requiring
both maximal entanglement and the constraint on the
Kraus operators
∑
lKlK
†
l = 1 in addition to the usual
trace preservation condition
∑
lK
†
lKl = 1. This does
not hold true in general; hence, no state guarantees that
any CPTP map on subsystem A can be expressed as a
CPTP map on subsystem B. Of course, trace preserva-
tion [24] and complete positivity [25–27] are not strin-
gent requirements of the quantum theory, so we can say
that sensible related transformations as in (4) exist for
all quantum operations on fully entangled pure states.
With minor modifications, these results can be adapted
to deal with qudits of unequal dimension. We find that
the action of an operation on the smaller system can be
replicated on the larger system with some freedom if and
only if the Schmidt rank of the combined state is equal
to the dimension of the smaller system. Actions on the
larger system cannot, in general, be replicated by actions
on the smaller system.
We compile these ideas into a generalized theorem:
Theorem (Entanglement-Symmetry Relation for Pure
States of Two Qudits).
Let |ψ〉AB =
∑dA
j=1
∑dB
k=1 Cjk |j〉A |k〉B be a pure state of
two qudits, A and B, of dimension dA and dB, respec-
tively, with dA ≤ dB . Then |ψ〉AB is fully entangled if
and only if any local operation U ⊗ 1dB acting on A can
equivalently be expressed as a related operation 1dA ⊗ V
acting on B.
In the case dA = dB, a state is maximally entangled
if and only if every unitary on A can be replicated by a
unitary on B.
Proof. First, let us use the singular value decomposi-
tion C = Y ΣZ with |i〉A =
∑
j Yji |j〉A and |i〉B =∑
k Zik |k〉B to write the state in the Schmidt basis,
|ψ〉AB =
dA∑
i=1
σi |i〉A |i〉B . (5)
By convention Σ is a dA × dB diagonal matrix with the
Schmidt coefficients σi listed in decreasing order.
If |ψ〉AB is fully entangled, then, by definition, its
Schmidt rank is maximal, viz. rank(Σ) = dA. This
implies that there exists a right inverse Σ−1R such that
ΣΣ−1R = 1dA . We can then construct an operator V˜ in
this basis as
V˜ = (Σ−1R U˜Σ)
T , (6)
where U˜ = Y †UY is the original U in the Schmidt basis.
By construction V˜ satisfies the conditions (3) equivalent
to (U˜ ⊗ 1) |ψ〉AB = (1 ⊗ V˜ ) |ψ〉AB. When dA < dB, V˜
is a highly non-unique solution to this equation. Trans-
forming back to the original basis with U = Y U˜Y †, and
V = ZT V˜ Z∗ we have
V = (C−1R UC)
T , (7)
where C−1R ≡ Z†Σ−1R Y †, and it follows that (U ⊗
1) |ψ〉AB = (1⊗ V ) |ψ〉AB.
Conversely, assuming that a solution V exists to the
equation (U⊗1) |ψ〉AB = (1⊗V ) |ψ〉AB for any operation
U , by changing to the Schmidt basis this also implies V˜
exists such that (U˜ ⊗ 1) |ψ〉AB = (1 ⊗ V˜ ) |ψ〉AB. We
have shown above that this is equivalent to V˜ satisfying
UΣ = ΣV˜ T . Given that Σ is diagonal, this can only be
true for all U if rank(Σ) = dA, which is the definition of
|ψ〉AB being fully entangled.
The second statement in the theorem was proven in
the preceding discussion.
This generalization shows the important role that the
dimensions of the subsystems can play for reproducing
operations with finite-dimensional systems. One might
try to salvage the operational symmetries in the dA > dB
case by adding an ancillary qudit, C, separable from B,
so that dA ≤ dBdC , and then applying our Theorem to
systems A and BC. This will not work since A will no
longer be fully entangled with BC, even it was initially
fully entangled with B.
It comes as no surprise that fully entangled states can
achieve quantum steering [28]. The operational symme-
tries of fully entangled states allow one party’s local mea-
surements to be remotely affected by another’s local op-
erations, negating the possibility for the former party to
3assign a local hidden state model to explain their mea-
surement results. Moreover, there can be no local hidden
variable model to explain the measurements obtained by
the pair of parties on states exhibiting operational sym-
metries, in line with the fact that all fully entangled states
can be used to violate Bell inequalities [3, 29, 30]. The hi-
erarchy is as follows: operationally-symmetric states are
a (non-convex) subset of states violating Bell inequali-
ties, which are a subset of steerable states, which are a
subset of entangled states.
These results can be applied immediately to tripartite
pure states |ψ〉ABC . Although a generalized Schmidt de-
composition for multipartite states does not exist, one
does exist for any given bipartition, such as |ψ〉ABC =∑
i σi |i〉AC |i〉B . Our Theorem then guarantees that an
operation U on A can always be represented as a related
operation V on B when dAdC ≤ dB and the Schmidt ma-
trix Σ has rank dAdC . Again, for the related matrix V to
be unitary for all unitary U , it is necessary and sufficient
that all of the Schmidt coefficients are equal. Similarly,
for the bipartition |ψ〉ABC =
∑
i σi |i〉A |i〉BC , an opera-
tion U on A can be represented as an operation V on BC
when dA ≤ dBdC and the Schmidt matrix Σ has rank dA.
The unitarity of the related map on BC is a necessary
condition for the existence of a quantum channel on sys-
tem B alone to reproduce the action of U on system A,
but it is not sufficient. Furthermore, the general non-
factorizability of V over B and C is a manifestation of
the monogamy of entanglement [31, 32]. It is one of the
reasons that one cannot use the idea of operational sym-
metries to reduce the number of local unitaries required
to transform between two equivalent graph states, which
form an important subset of multipartite entangled states
[33–35]. The case of multipartite pure states with more
than three qudits can be similarly analyzed by selecting
an appropriate bipartition for the local operations.
We can also consider the possibility of finding related
operations for mixed states, but unlike pure states the
only examples are trivial. Using ideas from the multipar-
tite setting, a bipartite mixed state ρAB can be studied
by considering its purification |ρ〉ABC . Since a purifica-
tion can always be found with dAdB ≤ dC , we can apply
our Theorem by assuming full entanglement in the bipar-
tition AB|C or in A|BC. In the first case, we look for a
separable operation UA ⊗WB that leaves the state ρAB
invariant, so that WB reverses UA (see [36] for a discus-
sion of such separable operations). This can occur if and
only if UA ⊗WB is related to a unitary operation VC ,
leaving ρAB unaffected after C is traced out. However,
by our Theorem, VC is unitary if and only if |ρ〉ABC is
maximally entangled between AB and C, which implies
ρAB is maximally mixed. This is a trivial case, since
any trace-preserving operation on A leaves the state un-
changed.
For the second type of bipartition, A|BC, we can find
a joint operation VBC for every operation on A by choos-
ing a fully entangled purification. However, VBC cannot
be expressed as an operation on B alone in general; the
factorization into unitaries VBC = VB ⊗VC is only possi-
ble in special cases, for which we find the desired result
UAρABU
†
A = VBρABV
†
B . Therefore we conclude that the
maximally mixed state is the only mixed state that ad-
mits complete operational symmetry.
Seeing that the related operation V = ΣUTΣ−1 is not
generally unitary even for a local unitary U on A, one
may wonder which unitary on B can best replicate the
action of U . We demonstrate in AppendixB that the
optimal unitary comes from the unitary part of ΣUTΣ.
For any bipartite pure state, we show that
M (U) ≡ max
V ∈U
∣∣〈ψ|U † ⊗ V |ψ〉∣∣ = Tr |ΣUΣ| , (8)
maximizing the fidelity over the set of unitaries U on
HB. This function is bounded between 0 and 1, with
maximally entangled states achieving the upper bound
regardless of U . Perturbative expansions of the trace
norm appearing in (8) for variations in U or Σ can be car-
ried out using recently-developed methods in patterned-
matrix calculus [37].
The operational symmetries enjoyed by fully entangled
states motivate new ways to quantify quantum entangle-
ment, a burgeoning area of research [38–45]. We look for
a metric inspired by (8) that depends only on the state in
question. Maximizing M (U) over all U yields unity for
any state (let U = 1), whereas minimizing over U gives
the minimum fidelity
m (ρ) ≡ min
U∈U
max
V ∈U
∣∣Tr [(U † ⊗ V ) ρ]∣∣ , (9)
which equals
∑dA
i=1 σiσdA−i for pure states. This leads
to a measure that vanishes for states with Schmidt rank
r ≤ dA/2 and ranges up to 1 for maximally entangled
states. Another promising candidate, which we call the
symmetry of entanglement, is sensitive to the entangle-
ment in states with arbitrary Schmidt rank:
ES (ρ) ≡
∫
dU max
V ∈U
∣∣Tr [(U † ⊗ V ) ρ]∣∣ , (10)
where dU is the Haar measure over unitary operators on
HA. For pure states this can be simplified using (8),
and the quantity ranges from
√
πΓ (dA) /2Γ (dA + 1) for
separable states to 1 for maximally entangled states.
We plot our symmetry-inspired entanglement quanti-
fiers for various states in Fig. 1. The functions m (ρ)
and ES(ρ) are distinct from both the entanglement en-
tropy S (ρA) = −Tr (ρA log ρA) and the entanglement
negativity N (ρ) ∝ Tr ∣∣ρTA∣∣ − 1, where a superscript Ti
denotes the partial transpose with respect to subsystem
i [37, 38]. For pure states, entanglement entropy and
negativity reduce to −Tr (Σ2 logΣ2), and [Tr (Σ)]2 − 1
respectively, and share similar behaviours with our mea-
sures as demonstrated in Fig. 1. Going beyond pure
states, the minimum fidelity and symmetry of entangle-
ment have desirable properties such as convexity (Ap-
pendix B), but cannot be considered true entanglement
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Figure 1. Quantifying entanglement for a state with
Schmidt coefficients
(
1− x/4− x2/4− x3/4
)1/2
, 1
2
x1/2, 1
2
x,
and 1
2
x3/2. Plotted are the newly-proposed symmetry of
entanglement (blue, solid) and minimum fidelity (orange,
dashed) in comparison to negativity (green, dotted) and en-
tanglement entropy (red, dot-dashed). All measures are
scaled such that they range between 0 for separable states
and 1 for maximally entangled states.
monotones [46] as they are sensitive to classical correla-
tions, i.e., mixedness. It may ultimately be possible to
use this property of operational symmetries to help dis-
tinguish between classical and quantum correlations in a
given quantum state [8].
Symmetries under specific unitaries, a restriction of our
more general treatment, are exploited in the literature
[5, 14] under the moniker of envariance. Envariance is
useful for providing a derivation of Born’s Rule, since it
is thought to be ad hoc to postulate this rule in inter-
pretations of quantum theory – among them Everettian
and Many Worlds quantum mechanics [47] – which only
subsume unitary evolution and thus have no concept of
wavefunction collapse. In one of several approaches in
[14], Born’s Rule is established with the help of par-
tial swaps, which exchange two orthonormal basis sets
in some subspace of the system Hilbert space. The abil-
ity in maximally entangled states to undo a partial swap
on the system by a partial counterswap of the environ-
ment implies that a perfect knowledge of the global state
comes at the expense of a complete, objective ignorance
of the local states. Therefore one is justified in assigning
equal probabilities to the local states, and Born’s Rule
follows from an extension of this idea to states without
maximal entanglement.
The consideration of envariance under partial swaps is
close in spirit to our work, since it is equivalent to opera-
tional symmetry under all unitaries, which we have seen
holds for maximally entangled states. In this way, our
proposed symmetry of entanglement (10) can be thought
of as quantifying the degree of objective ignorance or in-
difference an observer possesses about a state.
Some of our results can be considered as quantum me-
chanical analogues of the Reeh-Schlieder theorem from
algebraic QFT, which underlines the highly entangled na-
ture of typical states of quantum fields [16]. We briefly
review the main ideas of this theorem in order to point
out the similarities to our quantum-mechanical results
(see [19, 48] for a more complete introduction and appli-
cations).
Consider an algebraAA of quantum operators. A state
|Ψ〉 is cyclic with respect to AA when the states u |Ψ〉 for
u ∈ AA are dense in the Hilbert space H. For instance,
the vacuum state |Ω〉 of a QFT is cyclic with respect to
the algebra of operators supported on a complete Cauchy
slice through the spacetime, since any state in the vac-
uum sector Hilbert spaceH0 can be prepared on an initial
value hypersurface.
We say that a state |Ψ〉 is separating with respect to
AA when u |Ψ〉 = 0 implies u = 0 for any u ∈ AA. As
an example, consider an algebra AB that commutes with
AA. Let |Ψ〉 be cyclic with respect to AB, and suppose
that there is a u ∈ AA such that u |Ψ〉 = 0. It follows
that uv |Ψ〉 = 0 for all v ∈ AB by commuting u onto |Ψ〉.
But, by cyclicity, the states v |Ψ〉 are dense in H so that
u annihilates all states and must be the zero operator
u = 0. The implication is that a cyclic state for AB
will be separating for any other algebra of commuting
operators AA.
In this language, the Reeh-Schlieder theorem says that
the vacuum state of a QFT on Minkowski spacetime is
cyclic and separating with respect to any local algebra
AV of field operators supported in an open neighbour-
hood V of a spacetime region. This surprising theorem
has a very pertinent corollary for spacelike separated
neighbourhoods V and V ′. If u ∈ AV is any operator
supported in V then there exists an operator v ∈ AV′
supported in V ′ such that u |Ω〉 = v |Ω〉, since either local
algebra generates H0 by cyclicity. We are free to choose
V arbitrarily small and to be located at the other end of
the universe from V ′, yet the approximation between the
states u |Ω〉 and v |Ω〉 can be made arbitrarily good. It
is important to note that the related operator v will, in
general, not be unitary.
There is a clear parallel between the cyclicity of the
vacuum in QFT and the notion of fully entangled states
we have used. Returning to the exemplary case of two
identical qudits (1), we can consider the algebra AA of
linear operators acting on HA, and the commuting alge-
bra AB of operators acting on HB . Assuming the state
|ψ〉 = ∑di=1 σi |i〉A |i〉B is fully entangled, σi 6= 0, the
only way for U ⊗1 to annihilate the state is if U |i〉A = 0∀ i. But since the |i〉A form a complete, orthonormal ba-
sis of HA, this can only occur if U is the zero operator.
Were the state not fully entangled, we could find a non-
zero operator with kernel corresponding to the support
of |ψ〉. Hence, the fully entangled condition for |ψ〉 im-
plies that it is separating for AA, and a separating vector
for AA is cyclic for the commutant of AA [19], which is
AB. In the equal-dimensional case it is clear that |ψ〉
is also separating for AB , and therefore cyclic for AA.
From this point of view it should not be surprising that
5the related operators V B in (2) exist for any UA iff |ψ〉
is fully entangled.
However, we have shown that it is still possible to find
related operations even when the subsystems are not of
equal size, as long as the state has maximal Schmidt rank.
The state (5) is separating for AA, but not for AB . Still,
this implies that it is cyclic for AB, which ensures that
any local operation on A can be reproduced as a related
operation on B. We have provided an explicit construc-
tion of such related operators in our Theorem.
One other notable application of our results is to the
so-called classical entanglement between spatial and po-
larization degrees of freedom of an electromagnetic wave
[49–52]. The polarization subspace is two-dimensional
and the spatial subspace is an infinitely-continuous
stochastic function space [53]; our Theorem thus en-
sures that any operator acting on the polarization de-
gree of freedom of a classically-entangled state E (r; t) =
Exx+Eyy can be replicated by an operator on the spatial
degree of freedom. This classical example is intuitive, as
an operation on the polarization degree of freedom corre-
sponds to a physical rotation, which can be equivalently
realized as a rotation of the functions in the superposi-
tion. Our results are a consequence of tensor product
structure and group theory that extend beyond quantum
mechanics.
While entanglement is defined in terms of properties
of the state, it is often explained in terms of operations
acting on the state. In this paper, we have character-
ized entangled states in terms of their symmetries under
local operations. This allowed us to establish new mea-
sures of entanglement and gives an expanded framework
for understanding concepts such as steering, envariance,
and the Reeh-Schlieder theorem. Operational symme-
tries and the Reeh-Schlieder theorem in particular have
profound implications that warrant future investigation
by the broader quantum information community.
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Appendix A: Symmetries of completely positive
trace-preserving maps
For a fully entangled pure state ρ on HA ⊗ HB with
equal dimensions, any operator K acting on the A sub-
system can be expressed by a related operator ΣKTΣ−1
on B, where Σ is the matrix with Schmidt coefficients
along the diagonal. We thus have, for Jl = ΣK
T
l Σ
−1,∑
l
(Kl ⊗ 1)ρ (Kl ⊗ 1)† =
∑
l
(1⊗ Jl) ρ (1⊗ Jl)† .
(A1)
We now determine when the related map is completely
positive (CP) and when it is trace preserving (TP).
Unitary operations are TP. When the map on subsys-
tem A is unitary, the only states guaranteeing all related
maps to be unitary are the maximally entangled ones;
to guarantee that all TP maps on subsystem A can be
represented by TP maps on B, a state must have Σ ∝ 1.
The assumption that the generalized initial map is trace-
preserving can be written as
∑
lK
†
lKl = 1. Inspecting
the same condition for the related map, and using Σ ∝ 1
yields ∑
l
J†l Jl = 1 ⇐⇒
∑
l
K∗l K
T
l = 1 . (A2)
This is the condition that the set {KTl } is a valid set of
Kraus operators, which is a viable possibility but does
not occur in general. It is thus impossible to find a state
that guarantees all TP maps on subsystem A to be rep-
resentable by TP maps on subsystem B.
For a quantum operation to be CP its Choi matrix
must be positive and thus Hermitian. We construct the
Choi matrices of the maps on A and B by
CA =
∑
i,j
|i〉 〈j|C ⊗
∑
l
Kl |i〉 〈j|AK†l ,
CB =
∑
i,j
|i〉 〈j|C ⊗
∑
l
Jl |i〉 〈j|B J†l ,
(A3)
using an auxiliary space HC of the same dimension.
These matrices are both Hermitian, by the identity
(A⊗B)† = A† ⊗ B† and a relabelling of indices i and
j.
To show that a Hermitian matrix is positive it suffices
to show that its expectation values are positive within
some complete basis; as usual we use the Schmidt basis
for convenience. The initial map being CP implies that∑
l 〈m|Kl |n〉 〈n|K†l |m〉 ≥ 0 for all m,n. In the related
case, we see∑
l
〈m|ΣKTl Σ−1 |n〉 〈n|Σ−1K∗l Σ |m〉
=
∑
l
〈m|σmKTl σ−1n |n〉 〈n|σ−1n K∗l σm |m〉 ≥ 0
⇐⇒
∑
l
〈m|KTl |n〉 〈n|K∗l |m〉 ≥ 0
⇐⇒
∑
l
〈n|K†l |m〉 〈m|Kl |n〉 ≥ 0,
(A4)
which is the assumed condition. Thus the related map on
a fully entangled state is CP given that the initial map
6is CP. This result can be extended to the case where
dA < dB using the right inverse discussed in (6) of the
main text.
Appendix B: Maximizing fidelity with unitary
operations
Given a fully entangled bipartite state |ψ〉 =∑d
i=1 σi |i〉 |i〉 where d = dA = dB for clarity of the
derivation, we know that a unitary U on subsystem A
will have a related operation V = ΣUTΣ−1 on B. The
related operation takes |ψ〉 to a normalized quantum
state; however, when acting on other states V will not,
in general, be trace-preserving. This prompts the ques-
tion of which unitary operation V maximizes the fidelity
between U ⊗ 1 |ψ〉 and 1⊗ V |ψ〉 for a given |ψ〉 and U .
1. Fully-entangled states
We first start with states whose Schmidt matrices Σ
are full rank. Given an operation U on A, we would like
to find
M (U) = max
V
∣∣〈ψ|U † ⊗ V |ψ〉∣∣ , (B1)
where the maximum is taken over all unitary operations.
Full entanglement implies
M (U) = max
V
∣∣〈ψ|1⊗ V ΣU∗Σ−1 |ψ〉∣∣
= max
V
∣∣∣∣∣
d∑
i
〈i|VΣU∗
(
d∑
k=1
σ−1k |k〉 〈k|
)
σ2i |i〉
∣∣∣∣∣
= max
V
|Tr (V ΣU∗Σ)| .
(B2)
The von Neumann operator trace inequality tells us that
|Tr (X)| ≤ Tr |X |, and |V ΣU∗Σ| = |ΣU∗Σ| is indepen-
dent of V , so we can choose V to be the inverse of the
unitary part of ΣU∗Σ to yield
M (U) = Tr |ΣU∗Σ| = Tr |ΣUΣ| , (B3)
for any fully entangled state. This is easy to compute for
maximally entangled states:
M (U) =
1
d
Tr |U | = 1, ∀ U. (B4)
For other states, it is possible to achieve M = 1 only for
certain values of U . This prompts a measure of entangle-
ment for a given state that minimizesM over all unitaries
U . The minimum is achieved when U is an anti-diagonal
matrix with ones on the diagonal, causing the largest and
smallest Schmidt coefficients to be paired together:
m = min
U∈U
Tr |ΣUΣ| =
d∑
i=1
σiσd−i. (B5)
However, this measure will not be viable for states with
Schmidt rank less than d/2, so we will explore a new
measure after discussing how to calculate M for such
states.
2. Arbitrary pure states
We would now like to calculate
M (U) = max
V
∣∣〈ψ|U † ⊗ V |ψ〉∣∣ , (B6)
for unitaries U and states |ψ〉 whose Schmidt matrices Σ
are not necessarily full rank. Arranging the bases such
that the nonzero Schmidt coefficients are in the first r×r
blocks of their corresponding matrices, we have that
M (U) = max
V
∣∣∣∣〈ψ|
(
u†r 0
0 1d−r
)
⊗
(
vr 0
0 1d−r
)
|ψ〉
∣∣∣∣ .
(B7)
The matrices ur and vr are the first r×r blocks of U and
V , respectively, and are not necessarily unitary, but one
can always find V such that vr is unitary.
The entire derivation of (B2) now holds within the
Schmidt subspace, where we now use Σr to represent the
first r × r block of Σ:
M (U) = max
V
∣∣〈ψ|u†r ⊗ vr |ψ〉∣∣
= max
V
∣∣〈ψ|1⊗ vrΣru∗rΣ−1r |ψ〉∣∣
= max
V
|Tr (vrΣru∗rΣr)| .
(B8)
Again, the absolute value of the trace is maximized by
taking vr to be a unitary matrix inverting the unitary
part of Σru
∗
rΣr, yielding the same result as for fully en-
tangled states:
M (U) = Tr
∣∣ΣruTr Σr∣∣ = Tr |ΣUΣ| . (B9)
3. Mixed states
The above generalizes to bipartite mixed states by pu-
rifying the system with an ancillary system C and us-
ing the Schmidt decomposition for the bipartition A|BC.
However, now the maximization over V does not guaran-
tee that the correct unitary matrix can be found. Even
for a maximally entangled purified state, the resulting
condition is
M (U) = max
V
∣∣〈ψABC |U † ⊗ V ⊗ 1C |ψABC〉∣∣
= max
V
|Tr [(VB ⊗ 1C) (ΣU∗Σ)BC ]|
6= Tr |ΣU∗Σ| ,
(B10)
with the inequality stemming from the lack of freedom
within VB ⊗ 1C to achieve arbitrary unitaries on BC.
If we instead maximized over unitary operators on
BC, we would simply recover the result that M (U) =
Tr |ΣUΣ|, where Σ is the matrix of Schmidt coefficients
of the A|BC partition of the purified state.
7a. Averaging over U A suitable way to measure en-
tanglement is by averaging M (U) over all U using the
normalized Haar measure dU . Separable states have
M (U) = |U11| = |〈ψ|U |ψ〉|, requiring the average of
a single element of a unitary over the Haar measure
dU . This can be done using the fact that each element
Ujk = rjke
iθjk of a unitary matrix has the same distri-
bution, namely [54]
dUjk =
d− 1
π
(
1− r2jk
)d−2
rjk drjk dθjk, (B11)
where θjk ∈ [0, 2π] and rjk ∈ [0, 1]. For |U11|, we get
∫
dU |U11| =
√
πΓ(d)
2Γ
(
d+ 1
2
) = 22d−2
2d− 1
(
2d− 2
d− 1
)−1
. (B12)
If we try to deviate slightly from a separable state,
with Σ = diag
(√
1− ǫ,√ǫ, 0, · · · ), we have
M (U) = Tr
∣∣∣∣
(
U11 (1− ǫ) U12√ǫ
√
1− ǫ
U21
√
ǫ
√
1− ǫ ǫU22
)∣∣∣∣ .
(B13)
To lowest order in ǫ the eigenvalues of this matrix are
U11 +
U12U21
U11
√
ǫ and
(
U22 − U12U21U11
)√
ǫ. This yields
M (U) ≈ |U11|
+
√
ǫ
(∣∣∣∣U22 − U12U21U11
∣∣∣∣+ 1|U11|ℜ
[
U∗11U12U21
U11
])
.
(B14)
The O (√ǫ) term always averages to a positive number
because the first term in parentheses is always positive,
and the second term in parentheses is proportional to
cos (θ12 + θ21 − 2θ11), which averages to zero. We see
that separable pure states are a minimum of our measure.
We relax the restrictions of small ǫ and plot our entan-
glement quantifier versus ǫ for various dimensions in Fig.
2. The integrand (B13) is the same for each dimension d
and the integrals over extraneous components of U give
unity, but the Haar measure changes with d. This makes
the measure
E =
∫
dUM (U) , (B15)
decrease monotonically with d, as does the normalized
measure
E = 2Γ
(
d+ 1
2
)
E −√πΓ(d)
2Γ
(
d+ 1
2
)−√πΓ(d) . (B16)
The measure m =
∑d
i=1 σiσd−i also decreases monotoni-
cally with d, but cannot distinguish between states with
Schmidt rank less than d/2.
4. Convexity
The convexity of our entanglement quantifiers
m (
∑
i piρi) ≤
∑
i pim (ρi) and ES (
∑
i piρi) ≤
d=2
d=4
d=8
0.2 0.4 0.6 0.8 1.0
ϵ
0.2
0.4
0.6
0.8
1.0
ℰ
Figure 2. Entanglement in the d-dimensional state with
Schmidt coefficients
(√
1− ǫ,
√
ǫ, 0, · · ·
)
versus ǫ. For d = 2
(blue, solid) the normalized measure (B16) ranges from 0 for
separable states (ǫ = 0, 1) to 1 for maximally entangled states
(ǫ = 1/2). For d = 4 (orange, dashed) and d = 8 (green,
dotted) the state can never be maximally entangled. The
ordering of the entanglement contained between states with
different ǫ is independent of d, and the measure decreases
monotonically with d.
∑
i piES (ρi) follows from the triangle inequality
max
V
∣∣∣∣∣
∑
i
piTr (U ⊗ V ρi)
∣∣∣∣∣ ≤
∑
i
pimax
V
|Tr (U ⊗ V ρi)|
≤
∑
i
pimax
Vi
|Tr (U ⊗ Vi ρi)| .
(B17)
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